Binary black hole systems are among the most important sources for gravitational wave detection. And also they are good objects for theoretical research for general relativity. Gravitational waveform template is important to data analysis. Effective-one-body-numerical-relativity (EOBNR) model has played an essential role in the LIGO data analysis. For future space-based gravitational wave detection, many binary systems will admit somewhat orbit eccentricity. At the same time the eccentric binary is also an interesting topic for theoretical study in general relativity. In this paper we construct the first eccentric binary waveform model based on effective-one-body-numerical-relativity framework. Our basic assumption in the model construction is that the involved eccentricity is small. We have compared our eccentric EOBNR model to the circular one used in LIGO data analysis. We have also tested our eccentric EOBNR model against to another recently proposed eccentric binary waveform model; against to numerical relativity simulation results; and against to perturbation approximation results for extreme mass ratio binary systems. Compared to numerical relativity simulations with eccentricity as large as about 0.2, the overlap factor for our eccentric EOBNR model is better than 0.98 for all tested cases including spinless binary and spinning binary; equal mass binary and unequal mass binary. Hopefully our eccentric model can be the start point to develop a faithful template for future space-based gravitational wave detectors.
I. INTRODUCTION
The direct detection of gravitational waves (GW) has been announced recently by LIGO [1] [2] [3] which opens the brand new window to our universe-gravitational wave astronomy. The success of LIGO is based on both the tremendous development of experiment technology and the improvement of theoretical research in the past decades. Matched filtering data analysis technique is very important to gravitational wave detection. As GW150914, GW151226 and GW170104 have witnessed, the matched filtering technique has improved the data quality and/or even make the noisy data detectable. Regarding to GW150914 and GW170104, we are some lucky. The signal is so strong that the matched filtering data analysis technology is not necessary to catch the signal, although the matched filtering data analysis can improve the signal to noise ratio (SNR) and confidence level strongly. Regarding to GW151226, the signal is much weaker than that of GW150914 and GW170104. Without the matched filtering data analysis technology, the signal is completely invisible. In contrast, the matched filtering data analysis technology digs out the signal from the strong noise with SNR 13 and confidence level 5σ. GW151226 is a good example showing that the detection of GW is the result of combination of experiment * Electronic address: zjcao@amt.ac.cn achievement and theoretical research progress [4] .
In order to make the matched filtering technique work, the gravitational waveform template is essential [4] . And the template strongly depends on the specific theoretical model of GW source. Currently there are two theoretical models which are ready for gravitational wave data analysis. They are effective-one-body-numericalrelativity (EOBNR) model [5] and IMRPhenom model [6] . For example, all of GW150914, GW151226 and GW170104 depend on these two models strongly.
EOBNR model [7] is a combination of effective-onebody theory of post-Newtonian approximation and numerical relativity. About the template bank of the binary black hole gravitational waveform, the related parameters are divided into intrinsic ones and extrinsic ones. The EOBNR model need only concern the intrinsic parameters including the total mass of the binary black hole M , the mass ratio q ≡ m1 m2 ≥ 1, the spins of the two black holes S 1,2 and the eccentricity of the orbit e. While the extrinsic parameters, including luminosity distance D, source location (θ, φ), the configuration of the orbit respect to the sight direction (ι, β), the reaching time of the signal t 0 , the initial phase φ 0 and the polarization angle respect to the detector ψ, can be straightforwardly involved when we construct the template bank from EOBNR model.
To the quasi-circular e = 0 and non-precession ( S 1,2 perpendicular to the orbit plane) binary black hole systems with mass ratio q ∈ (1, 20 1 ), the EOBNR model has done a quite good job [5] . (Note that the author in [8] mentioned the EOBNR model is valid for mass ratio range 1 < q < 100 and spin range −1 < χ < 0.99. But as pointed out by [9] [10] [11] [12] , current EOBNR model can at most be calibrated to numerical relativity only for the range 1 < q < 20 and −0.85 < χ < 0.85.) Regarding to precession binaries, a primary development of EOBNR model is available [13] . Very recently, we have done an initial investigation to extend the EOBNR model to include gravitational wave memory in reference [14] . As to the mass ratio, there is no essential difficult to extend the EOBNR model to cover larger parameter range. But current simulation power of numerical relativity limits such development [15] . In principle, if only relevant numerical relativity results are available the EOBNR model can be calibrated to involved mass ratio. Regarding to eccentricity, the situation is different. Till now, the EOBNR model only works for e = 0 case. Reference [16] touched this problem, but the authors only considered energy flux while left the relevant gravitational wave form alone. Although the EOBNR model admits kinds of limitations as described above, it provides a framework which is possible to extend the EOBNR model to treat these limitations. Recently the authors in [17] have extended EOB framework to scalar-tensor theory. Hopefully ones can treat gravitational waveform template for different gravitational theories [18] within one uniform framework, EOBNR model, in the future.
Due to the circularization effect of gravitational radiation [19] , ones may expect that the binary black hole systems are always near circular when they enter the LIGO frequency band. But recent investigations show it is not absolutely true. The study of the galactic cluster M22 indicate that about 20% of binary black hole (BBH) mergers in globular clusters will have eccentricities larger than 0.1 when they first enter advanced LIGO band at 10Hz [20] , and that ∼10% may have eccentricities e ∼ 1 [21] . Furthermore, a fraction of galactic field binaries may retain significant eccentricity prior to the merger event [22] . BBHs formed in the vicinity of supermassive black holes (BH) may also merge with significant residual eccentricities [23] . For space-based detectors such as eLISA [24] , LISA [25, 26] , Taiji [27] and Tianqin [28] , the orbit of the involved binary black hole systems may be highly eccentric due to recent perturbations by other orbiting objects [29, 30] . Recently there are many authors care about the binary black hole systems with eccentric orbit regarding to gravitational wave detection [31] [32] [33] [34] .
Assuming low eccentricity, the authors of [31] extended low order PN waveform model in frequency domain to including eccentricity. They called the corresponding model post-circular (PC) model. Later, the authors of [32] improved the PC model to EPC (enhanced postcircular) model which recovers the TaylorF2 model when the eccentricity vanishes. The EPC model is a phenomenologically extending of PC model. Its overall PN order is 3.5. Some numerical relativity simulations have been paid in the past to the eccentric binary black hole systems [35] [36] [37] . Along with the numerical relativity results, the x-model was proposed in [36] . The x-model is a low order post-Newtonian (PN) model. Recently, this model was improved to include inspiral, merger and ringdown phases, and higher PN order terms for vanishing eccentricity part are included. This model was called ax-model by the authors of [34] . All these models are valid for any mass ratio.
Regarding to large mass ratio binary black hole systems, ones may look the binary system as a perturbation of the big black hole. Then the gravitational wave problem is decomposed into the trajectory problem and the related waveform problem. In [38] , one of us investigated the eccentric binary using the Teukolsky equation to treat the waveform problem and combining the conserved EOB dynamics with numerical energy flux to treat the trajectory [39] . In [38, 39] the Teukolsky equation is solved numerically. Ones can also solve it through some analytical method [40] or post-Newtonian approximation [41] . In [42] , the authors used geodesic equation to treat the eccentric orbit of a large mass ratio binary and used the Teukolsky equation to treat the waveform problem. Interestingly, people have used the method of geodesic equation and Teukolsky equation to find that the eccentricity may increase [43, 44] instead of always decay found through post-Newtonian approximation [19] . And more, people used the method of geodesic equation and Teukolsky equation to find the interesting transient resonance phenomena [45, 46] . When a binary system passes through a transient resonance, the radial frequency and polar frequency become commensurate, and the orbital parameters will show a jump behavior. To our knowledge, the post-Newtonian approximation method can not yet give out the eccentricity increasing and the transient resonance results. Of course it is possible that the available post-Newtonian result is not accurate enough to get these two interesting phenomena. But it is also deserved to ask whether these two phenomena imply that the perturbation method breaks down. Ideally ones may use numerical relativity simulation to check this problem. But unfortunately, current numerical relativity techniques are far away to investigate this problem due to the huge computational cost for large mass ratio binary systems [15] (but see [47] ). Hopefully, effective-one-body-numericalrelativity (EOBNR) model may be used to check this problem. This is because on the side of almost equal mass cases, EOBNR framework can be and has been calibrated against numerical relativity; on the side of extreme mass ratio cases, EOB framework can also be and has also been used to describe the dynamics and the gravitational waveform [48] . So we can expect EOBNR framework may play a bridge role to connect numerical relativity result with large mass ratio problem. In order to realize this kind of investigation, we need a EOBNR model being valid for eccentric binary systems, which is absent now. In current paper, we will go a little step to construct an EOBNR model for eccentric binary systems.
This paper is organized as follows. In the next section we will describe the extended EOBNR model includ-ing eccentricity. We call our model SEOBNRE (Spinning Effective-One-Body-Numerical-Relativity model for Eccentric binary). This model includes three essential parts which will be explained in detail respectively in the subsections of next section. The involved detail calculations and long equations are postponed to the Appendix. Then in Sec. III we check and test our SEOBNRE model against to quasi-circular EOBNR model; against to existing eccentric waveform model-ax model; against to numerical relativity simulation results and against to Teukolsky equation based waveform model for extreme mass ratio binary systems. Finally we give a summary and discussion in Sec. IV. Throughout this paper we will use units c = G = 1. Regarding to the mass of the binary we always assume m 1 ≥ m 2 .
II. WAVEFORM MODEL FOR ECCENTRIC BINARY BASED ON EOBNR
Effective one body technique is a standard trick to treat the two body problem in the central force situation of classical mechanics, especially for Newtonian gravity theory [49] . In [50] , Buonanno and Damour introduced the seminal idea of effective-one-body approach for general relativistic two body problem. The effective-one-body approach needs many inputs from post-Newtonian approximation, but it is more powerful than post-Newtonian approximation. Not like postNewtonian approximation which will diverge before the late inspiral stage of the binary evolution, the effectiveone-body approach works till the binary merger. And more it is convenient for the effective-one-body approach to adopt the result of perturbation method [48] . At the same time, we can also combine the results of the effective-one-body approach and numerical relativity. As firstly done by Pan and his coworkers in [7] , such combination gives effective-one-body numerical relativity (EOBNR) model. Currently the most advanced EOBNR model is the SEOBNR which includes version 1 [51] , version 2 [5] and version 3 [3, 52, 53] . SEOBNR is valid only for quasi-circular orbit and black hole spin perpendicular to the orbital plane which means the precession is not presented. In this paper, we will extend SEOBNR model to treat eccentric orbit.
The EOB approach includes three building parts: (1) a description of the conservative part of the dynamics of two compact bodies which is represented by a Hamiltonian; (2) an expression for the radiation-reaction force which is added to the conservative Hamiltonian equations of motion; and (3) a description of the asymptotic gravitational waveform emitted by the binary system. The part 1 is independent of the character of the involved orbit. In another word, the part 1 is valid no matter the orbit is circular or eccentric. In current paper, we adopt the result from SEOBNRv1 model which will be summarized in the following. Regarding to parts 2 and 3, current SEOBNRv1 model is not valid to eccentric orbit.
We will extend these two parts in current work. For convenience, we will refer our model SEOBNRE where the last letter E represents eccentricity.
A. Conservative part for SEOBNRE model
The conservative part for SEOBNRE model is the same to that of SEOBNRv1 [51] . But the related equations are distributed in different papers. For reference convenience, we give a summary here.
The basic idea of EOB approach is reducing the conservative dynamics of the two body problem in general relativity to a geodesic motion (more precisely MathissonPapapetrou-Dixon equation [54] ) on the top of a reduced spacetime which corresponds to the reduced one body. Roughly the reduced spacetime is a deformed Kerr black hole with metric form [55] 
where
We still call the coordinate (t, r, θ, φ) used here BoyerLindquist coordinate. Following SEOBNRv1 we set ω 
and we have used notation u ≡ M r and
where η ≡ m1m2 (m1+m2) 2 is the symmetric mass ratio of the binary with components mass m 1 , m 2 and Kerr parameter a 1 and a 2 .
Corresponding to the geodesic motion, or to say the Mathisson-Papapetrou-Dixon equations, the Hamiltonian can be written as [51, 56] 
The detail expressions for the quantities H N S , H S and H SC involved in the above Hamiltonian are listed in the Appendix A. Based on the above given Hamiltonian, we have then the equation of motion respect to the conservative part as˙
B. Gravitational waveform part for SEOBNRE model
In the EOBNR framework, the gravitational wave form is described by spin-weighted −2 spherical harmonic modes. This kind of modes is also extensively used in numerical relativity [57] . In SEOBNRv1, the modes ℓ ∈ {2, 3, 4, 5, 6, 7, 8}, m ∈ [−ℓ, ℓ] are available. Note that only the positive m modes are considered while the negative m modes are produced through relation h ℓm = (−1) ℓ h * ℓ,−m [58] . Here * means the complex conjugate.
In this work, we only consider (ℓ, m) = (2, 2) mode although other modes can be extended straightforward. Our basic idea is decomposing the waveform into quasicircular part and eccentric part. The strategy is following [34] . We treat the eccentric part as perturbation by assuming that the eccentricity is small. Regarding to the quasi-circular part, we borrow the ones from SEOBNRv1 exactly. For convenience, we firstly review this part. Within EOBNR framework, the waveform is divided into two segments. One is after merger which is described with quasi-normal modes of some Kerr black hole. The other is inspiral-plunge stage which is described in the factorized form as [58] 
where R is the distance to the source; Φ is the orbital phase; Y ℓm (Θ, Φ) are the scalar spherical harmonics.
Particularly for (2, 2) mode, we have [51, 58, 59 ] 
where we have defined eulerlog m (v 2 Φ ) ≡ γ E + ln(2mv Φ ) with γ E ≈ 0.5772156649015328606065120900824024 being the Euler constant. In the equation of N ℓm , the parameters a . For the eccentric part, the post-Newtonian (PN) result is valid till second PN order [60] 
In the above equations we have used the following notations.N = (sin θ cos φ, sin θ sin φ, cos φ) is the radial direction to the observer.p = (cos θ cos φ, cos θ sin φ, − sin θ) lies along the line of nodes. q =N ×p and more notations include [60, 61] 
We define the spin-weighted spherical harmonic modes as
Based on above results we express the (2,2) mode as
The involved notations such Θ ij and P n Θ ij are explained one by one in the Appendix B.
We assume the h 22 in the equation (50) includes quasicircular part corresponding to h 22 |ṙ =0 and the left eccentric part. It is straightforward to check that h 22 |ṙ =0 is consistent to the Eq. (9.3) of [62] . So we define the eccentric correction as
where h 22 means the one given in the equation (50) . In summary the inspiral-plunge waveform for SEOBNRE is
where h
22 is given in Eq. (21).
C. Radiation-reaction force for SEOBNRE model
We have mentioned conservative part of the EOB dynamics in Eqs. (19) and (20) . But that is only partial part of the whole EOB dynamics. The left part is related to the radiation-reaction force. Assume the radiationreaction force is F, then the whole EOB dynamics can be expressed as˙
In SEOBNRv1 model, the radiation-reaction force F is related to the energy flux of gravitational radiation
Here we need to note the sign of dE dt . Since E here means the energy of the binary system, E decreases due to the gravitational radiation, dE dt < 0. So people call it dissipation sometimes. Corresponding to SEOBNRv1 code [63] , since it treats quasi-circular cases without precession, | r × p| ≈p φ which reduces
Regarding to the energy flux dE dt , SEOBNR model relates it to the gravitational wave form through [59] 
And more the SEOBNR model assumes the dependence of h ℓm on time is a harmonic oscillation. Soḣ ℓm ≈ mΩh ℓm with Ω the orbital frequency of the binary. Then
Like EOBNR models, our SEOBNRE model is valid only for spin aligned binary black holes (spin is perpendicular to the orbital plane). In these systems, there is no precession will be involved. Most importantly, these systems admit a plane reflection symmetry respect to the orbital plane. Due to this symmetry of the corresponding spacetime and the symmetry of the spin-weighted spherical harmonic functions we have (Eqs. (44)- (46) of [64] )
Here we have used (θ, φ) to represent the spherical coordinate respect to the gravitational wave source. Consequently we have h ℓm = (−1) ℓ h * ℓ,−m [58] . In the second equality of the above energy flux equation, SEOBNR model has taken this relation into consideration and has neglected the 'memory' modes h ℓ0 [14, 65] . We also note that some authors use the relation h ℓm = (−1)
as an assumption in the cases where the plane reflection symmetry breaks down [5, 13, 52] . In our SEOBNRE model, we follow the steps of SEOBNRv1 model to construct the radiation reaction force. The only difference is replacing the waveform with our SEOBNRE waveforms (52) .
Besides the above method to calculate the energy flux, one may also calculate dE dt based on post-Newtonian approximation together with results from conservative part of EOBNR model. This is the method taken by ax-model [34] . Similar to the idea we taken to treat the waveform in the above sub-section A, we divide the energy flux into two parts which correspond to the circular part and the non-circular correction part. Then the over all energy flux can be written as
We give the detail calculations for the post-Newtonian energy fluxes including 
D. Initial data setting for the SEOBNRE dynamics
Within EOB framework, we solve the dynamical equations (53) and (54) , then plug the evolved dynamical variables into the waveform expression (52) . But firstly we need to setup the initial value for the dynamical variables ( r, p). We take two steps to set the initial values. First, we look for the dynamical variable values for circular orbit (the authors in [66] call it spherical orbit). Secondly, we adjust the momentum to achieve wanted eccentricity. In this work we consider binary black holes with spin perpendicular to the orbital plane. So the dynamics can be described with the test particle moves on the ecliptic plane of the central deformed Kerr geometry [58] . Within the Boyer-Lindquist coordinate, we have φ = 0, θ = π 2 ,p θ = 0. In order to get r,p r andp φ , we follow the Eqs. (4.8) and (4.9) of [66] to solve
dH dp θ = 0,
dH dp φ = ω 0 ,
where ω 0 = π f0 is the speculated orbital frequency at initial time and the f 0 is the given frequency for gravita- tional wave at initial time. Assume the resulted solution for r isr, we adjust r through
which means we put the test particle on the periastron of an elliptic orbit with eccentricity e 0 based on Newtonian picture [38] . If the approximation of test particle and Newtonian picture is not good enough, our initial data setting method can not work well. More sophisticated initial conditions for eccentric binary black hole system are possible [67] . We leave such investigations to future study.
E. Match the inspiral waveform to the merger-ringdown waveform
Like other EOBNR models, we assume the ringdown waveform can be described by the combination of quasi normal modes as
where σ ℓmn are the complex eigen values of the corresponding quasi normal modes for a Kerr black hole, t ℓm match is the matching time point and A ℓmn are the combination coefficients for each mode. The same to SEOBNRv1 [63] we take N = 8. In order to determine σ ℓmn , we need to know the mass and spin of the final Kerr black hole. In principle the mass and the spin may be affected by the eccentricity. But here we neglect such dependence on the eccentricity as [34] based on the assumption that the eccentricity is small for the cases considered in current work. We specify the mass and the spin of the final black hole following [68, 69] 
Note that the above relations are valid only for the spins of the two black holes perpendicular to the orbital plane which are the cases considered in current work. Regarding to the matching time point t ℓm match , we determine it based on inspiral dynamics as following. For the inspiral part, we solve the dynamics (53) and (54) till a time point which is called 'merger time point' for convenience. The criteria of the 'merger time point' is r < 6M and the orbital frequency begins to decrease. Then we chose the matching time point t ℓm match corresponding to the time of the peak amplitude of the waveform h insp−plun ℓm . At last we determine the coefficients A ℓmn base on the rule that the matching is smooth at t ℓm match through first order derivative of the waveform.
III. TEST RESULTS FOR SEOBNRE MODEL
In this section we will compare our SEOBNRE model to several existing waveform results including SEOBNR model, ax model, numerical relativity simulation and Teukolsky equation results. In addition to the comparison between the waveforms directly, we use overlap factor to quantify the difference between our SEOBNRE model and these existing waveform results [70] . For two waveforms h(t) and s(t), the overlap factor is defined as
with the inner product defined as where˜means the Fourier transformation, f represents frequency, S n (f ) is the one sided power spectral density of the detector noise, and (f min , f max ) is the frequency range of the detector. As a typical example, we consider advanced LIGO detector in the following investigations. More specifically, we take the sensitivity of LIGO-Hanford during O1 run as our S n (f ) which is got from the LSC webpage [71]. Correspondingly we take f min = 20Hz and f max = 2000Hz. Like other existing waveform models, the total mass M of the binary black hole, the source location (θ, φ), the angles between the eccentric orbit and the line direction (ι, β) and the polarization angle ψ are free parameters [33] . But in order to let the waveform falls in LIGO's frequency band, we choose M = 20M ⊙ as an example to calculate the overlap factor O. Regarding to the five angles, values θ = φ = ι = β = ψ = 0 are taken.
A. Comparison to SEOBNRv1
Firstly we compare the result of SEOBNRE model with e 0 = 0 against to SEOBNRv1. We consider two spinless black holes with equal mass. In Fig. 1 t   22 match ≈ 9048.1579M . The overlap factor between the two waveforms shown in Fig. 1 is O = 0.99998. At the same time we have also checked the energy flux − dE dt | (C) introduced in [34] which is shown in (C1) and the elliptical orbit correction we calculated in (63). We find that the energy flux (C1) can describe the real flux used by SEOBNRE dynamics (60) quite well in the early inspiral stage but fails at late inspiral and plunge stage. At later times, the energy flux (C1) even becomes positive which is unphysical. This implies that the PN energy flux expression breaks down at late inspiral and plunge stage.
In Fig. 2 we compare the waveform h 22 more quantitatively, where the amplitude and phase are considered. Regarding to the elliptical orbit correction terms, as ones expect, they are ignorable before plunge in this quasicircular case as shown in the bottom panel of Fig. 1 . Near merger, our elliptic correction terms fail to distinguish real eccentric orbit with the plunge behavior in the quasi-circular orbit, so the difference for both amplitude and phase increase. At merger, the differences for amplitude and phase get maximal values, about 0.03 and 0.026rad respectively. As shown in Fig. 1 and Fig. 2 , our SEOBNRE model can recover SEOBNRv1 result some well. In Fig. 1 and Fig. 2 we align the time at simulation start time (t = 0) which corresponds to gravitational wave frequency M f 0 ≈ 0.004. For two 10M ⊙ black holes f 0 = 40Hz. At this alignment time, we also set the phase of the gravitational wave 0 which makes the comparison easier.
Our second testing case is two identical spinless black holes with eccentricity e 0 = 0.003 at M f 0 ≈ 0.001477647 which corresponds to two 10M ⊙ black holes with f 0 = 15Hz. As shown in Fig. 3 we can see clearly the oscillation of radial coordinate r respect to time which corresponds to the eccentric orbital motion. But this level of eccentricity is ignorable for waveform as shown in Fig. 4 . Although some small, we can see the oscillation behavior of the energy flux with the same frequency to the r motion in the bottom panel of Fig. 4 . And again we find that the energy flux (C1) can describe the real flux quite well in the early inspiral stage but fails at late inspiral and plunge stage. In Fig. 3 and Fig. 4 , we have adjusted the time coordinate of e 0 = 0 result to align with the merger time of e 0 = 0.003 which is t 22 match ≈ 128427.86M . The overlap factor between the two waveforms shown in Fig. 4 is O = 0.99995.
When we increase the eccentricity to e 0 = 0.03 for M f 0 ≈ 0.001477647, the radial oscillation becomes stronger than that of Fig. 3 . But the overall behavior is similar. Regarding to the waveform, phase difference to quasi-circular case appears as shown in Fig. 5 . More quantitatively the amplitude difference and the phase difference are shown in Fig. 6 . Along with the time, the two differences decrease. This is because the eccentricity is decreasing due to the circularizing effect of gravitational radiation. Near merger, such difference almost disappears. This result supports our assumption that we ignore the effect of eccentricity on the mass and spin of the final Kerr black hole in (69) and (70) . Near merger the difference becomes larger again. But we note that the maximal difference is 0.03 and 0.02rad for amplitude and phase respectively. This level of difference is the same to the one we got for quasi-circular case shown in Fig. 2 . So we believe this is resulted from the same reason as in quasi-circular case. Similar to Fig. 4 , we here have adjusted the time coordinate of e 0 = 0 result to align with the merger time of e 0 = 0.03 which is t for M f 0 ≈ 0.001477647, the radial oscillation becomes much stronger as expected while the overall behavior is similar to that of Fig. 3 . Regarding to the waveform, the oscillation behavior of the amplitude can be clearly seen as shown in Fig. 7 . The amplitude difference and the phase difference are quantitatively shown in Fig. 8 . The overall behavior is similar to that of Fig. 6 . In this case, the maximal difference in the early inspiral stage is 0.03 and 16rad for amplitude and phase respectively. Similar to Fig. 4 , we here have adjusted the time coordinate of e 0 = 0 result to align with the merger time of e 0 = 0.3 which is t 22 match ≈ 11357.098M . The overlap factor between the two waveforms shown in Fig. 7 is O = 0.46942.
When the initial eccentricity e 0 becomes bigger than 0.6 for M f 0 ≈ 0.001477647, we find that the correction term of the waveform (51) becomes significant which means the perturbation assumption of small eccentricity breaks down. This situation may be improved by higher order post-Newtonian result for eccentric orbit binary. But unfortunately the higher order PN results for eccentric orbit binary is not available yet. Of course, this does not mean our model can be applied to e 0 < 0.6 cases. Cases with such large eccentricity need more tests against to, for example, numerical relativity simulations. The tests done in this subsection indicate that our SEOBNRE model can give consistent results compared to quasi-circular case.
B. Comparison to advanced x-model (ax model)
In [36] the authors proposed x-model to describe the gravitational waveform for eccentric orbital binary black hole. For the early inspiral stage, the authors of [36] showed consistence between the x-model and the numerical relativity simulation result. Noting that the x-model is based on low order post-Newtonian approximation, Huerta and his coworkers improved x-model with high order PN results to get advanced x-model (ax model) in [34] . The full ax model includes inspiral, merger and ringdown stages. Similar to our treatment about merger and ringdown, ax model also takes the assumption that the eccentricity is small and has been dissipated away before merger. So here we only compare our SEOBNRE In ax model, the adiabatic picture is taken. So the eccentricity itself is treated as a dynamical variable. In all, ax model includes dynamical variables eccentricity e, reduced orbital frequency x ≈ (ωM ) 2 /3 with ω the orbital frequency, the mean anomaly l and the relative angular coordinate φ. In the comparison here, we take initial data x = 0.05, l = φ = 0 and vary e.
Firstly we compare the e 0 = 0 case in Fig. 9 . Overall the two waveforms show very good consistence which corresponds to the result of fitting factor 0.95 respect to advanced LIGO got in [34] . But we can still see some amplitude difference near merger, and some phase difference when the evolution time becomes longer. Since we have confirmed our SEOBNRE model in Fig. 1 and Fig. 2 for e 0 = 0 case, we attribute this difference to the relatively low order PN approximation of ax model. Effectively the EOBNR model admits more than 3.5 PN order [7, 72] , this is why we call ax model relatively low PN order. The overlap factor between the two waveforms (inspiral part, t < 0) shown in Fig. 9 is O = 0.99802.
In contrast to ax model, the eccentricity is not an explicit dynamical variable in SEOBNRE model. And limited by the simplified method we taken to treat the initial data described in the above section, we start our SEOBNRE simulation from somewhat low frequency M f 0 ≈ 0.001477647 and vary different e 0 to fit ax model result. The fitting process has not been optimized, so the real consistent result may be better than the ones presented here. We have considered two concrete examples. The first example is e 0 = 0.1 at x 0 = 0.05 for ax model and e 0 = 0.15 at M f 0 ≈ 0.001477647 for SEOBNRE model. The initial eccentricity for SEOBNRE model is larger. We suspect this is because the effective initial separation implemented in SEOBNRE model is larger than the one in ax model. After some evolution time, the circularization effect drives the eccentricity within SEOBNRE model to the one presented in ax model. The comparison result is shown in Fig. 10 . We can see the consistence of amplitude and phase between ax model and SEOBNRE model lasts more than 8000M. The overlap factor between the two waveforms shown in at M f 0 ≈ 0.001477647 of SEOBNRE model. The result is shown in Fig. 11 . The consistence of amplitude and phase between ax model and SEOBNRE model lasts about 5000M. The overlap factor between the two waveforms shown in Fig. 11 is O = 0.66617.
C. Comparison to numerical relativity results
No matter how reasonable, we have taken several approximations when we construct our SEOBNRE model. In contrast to this situation, numerical relativity solves Einstein equation directly [73] . Up to the numerical error, the results given by numerical relativity is the exact solution to the Einstein equation. So we can use the simulation results by numerical relativity to check and calibrate the validity of SEOBNRE model. Since the EOBNR models have been well calibrated to numerical relativity results for circular cases, and our SEOBNRE model can recover the usual EOBNR model as shown in Fig. 1 and Fig. 2 for e 0 = 0 case, there is no surprising that our SEOBNRE model is consistent to quasi-circular simulation results of numerical relativity.
For eccentric cases, there are some subtleties in defining the eccentricity due to the 'in'-spiral effect reduced by the gravitational radiation. In this work we are not intent to touch this subtle problem involved in numerical relativity [74, 75] . Instead, we take the similar recipe adopted in the above subsection to do the comparison. For a given numerical relativity simulation result, we vary the initial eccentricity e 0 corresponding to M f 0 ≈ 0.001477647 for SEOBNRE to fit the numerical relativity result. Again the fitting process is not optimized, so the consistence between our SEOBNRE model and the numerical relativity result may be better than the ones presented here.
We have done three comparisons in the current work. The numerical relativity simulation results come from the public data [76] which are calculated by SpEC code [77] . The first one is the waveform SXS:BBH:0091 [76] which corresponds to an equal mass, spinless binary black hole with initial eccentricity e 0 = 0.02181 starting evolve at orbital frequency M f 0 = 0.0105565727235. On the SEOBNRE side, the initial eccentricity is e 0 = 0.1 starting evolve at orbital frequency M f 0 = 0.001477647 which is the same as the ones shown in previous figures. The comparison is presented in Fig. 12 . Although the eccentricity involved in this comparison is some small, the oscillation of the gravitational waveform amplitude is clear. The consistence for both the amplitude and the phase is quite good. The overlap factor between the two waveforms shown in Fig. 12 is O = 0.99201. At the same time we also note that the overlap factor between the numerical relativity waveform and the e 0 = 0 SEOB-NRE waveform is 0.990. Our second comparison for numerical relativity simulation result is SXS:BBH:0106 [76] . Both the numerical relativity simulations result and the SEOBNRE simulation admit exactly the same eccentricity parameters as the first comparison. The only difference to the first comparison is the mass ratio for the binary black hole which is 5 : 1 here. The comparison is shown in Fig. 13 . The overlap factor between the two waveforms shown in Fig. 13 is O = 0.99739. In contrast, the overlapping factor between the numerical relativity waveform and the e 0 = 0 SEOBNRE waveform is 0.989. Interestingly we find that the consistence between numerical relativity result and SEOBNRE result is even better than the first one. The SEOBNRE result can recover the numerical relativity result for the whole inspiral-mergerringdown process. We can understand this result as following. As shown by Peters through post-Newtonian approximation in [19] , the decay of eccentricity and the lifetime for the binary can be estimated
T (a 0 , e 0 ) = 768 425
where a means the separation (semimajor axis) of the binary, and the subindex 0 means the initial quantities. Definitely this estimation can not be correct for the late inspiral and merger stages considered in current paper. But this estimation can give us a qualitative picture. Compare the Fig. 12 and the Fig. 13 , we can see the lifetime for mass ratio 5 : 1 binary is much shorter than the one for equal mass case. According to the above lifetime estimation, we can deduce that the initial separation for mass ratio 5 : 1 binary is shorter than that of equal mass one. The initial separations used in the numerical relativity simulations are 19 for equal mass binary and 14 for mass ratio 5 : 1 binary respectively. Although these separation values are gauge dependent, they show consistence to the PN prediction. Then note that the eccentricity decay is proportional to the fourth power of a, we can expect that the eccentricity decay involved in Fig. 13 case is much faster than that in Fig. 12 . Faster eccentricity decay results in smaller eccentricity during the later process. So our small eccentricity assumption works better.
Our third comparison investigates a larger eccentricity case for equal mass binary. On the numerical relativity simulation side, the initial eccentricity is e 0 = 0.1935665 starting evolve at orbital frequency M f 0 = 0.0146842176288. The eccentricity is about one order larger than the above two cases. The simulation data corresponds to SXS:BBH:0323 [76] . The mass ratio of the two black holes in this simulation is 11:9. And the dimensionless spins for the big and small black hole are 0.33 and −0.44 respectively. On the SEOBNRE side, the initial eccentricity is e 0 = 0.3 starting evolve at orbital frequency M f 0 = 0.001477647. The comparison is shown in Fig. 14. During the inspiral stage, we can see the waveform amplitude and phase are roughly consistent between the numerical relativity result and the SEOBNRE result. The overlap factor between the two waveforms shown in Fig. 14 is O = 0.98171. In contrast, the overlap factor between the numerical relativity waveform and the e 0 = 0 SEOBNRE waveform is 0.849. Due to the larger eccentricity, the consistence is not as good as e 0 ≈ 0.02 cases shown in Fig. 12 and Fig. 13 . But we can note that the consistence is quite good for merger and ringdown stage. We suspect this is because the eccentricity has decayed quite amount, so the consistence improves during these stages.
D. Comparison to Teukolsky equation results for extreme mass ratio binary
The largest mass ratio of binary black holes investigated by numerical relativity is 100 : 1 [15] . But the simulation only lasts two orbits which is too short to be used for gravitational waveform analysis. Till now the mass ratio of binary black hole investigated by numerical relativity for gravitational waveform usage is less than 20 : 1 [9] [10] [11] [12] . This limitation of numerical relativity is due to the computational cost for finite difference code, and/or due to the complicated computational grid adjustment for spectral code. In the future the finite element code may do some help on this problem [78] [79] [80] . But it is still under development. In contrast, our SEOBNRE model is free of this kind of limitation. This is similar to all other EOBNR models.
When the mass ratio becomes quite large, the small black hole can be looked as a perturbation source respect to the spacetime of the large black hole. Consequently the Teukolsky formalism is reasonable to treat this kind of binary problem. In [39] we constructed such a model to investigate extreme mass ratio binary system. In [38] , one of us applied such model to investigate the eccentric binary black holes. It is interesting to compare the results got in [38] and the ones simulated with the SEOBNRE model proposed here.
In all we have tested four cases. All of them are binary black holes with mass ratio about 1000 : 1. More accurately the symmetric mass ratio is η = 10 −3 . The dynamical variables involved in the Teukolsky model [38, 39] are the same to the ones in SEOBNRE model. So for the comparison in this subsection, we set the initial data for SEOBNRE model exactly the same to the ones for the Teukolsky model. More concretely, within spherical coordinate we set r 0 = p0 1+e0 with p 0 = 12, e 0 = 0.3, φ 0 = 0, p r0 = 0 and p φ0 similar to the Fig. 4 of [38] .
Not like the above test cases which involve slowly spinning black holes considered in previous subsections, the four test cases here admit high-spin black holes. We set the big black hole spinning while leave the small black hole spinless. The spin parameters χ for the four test cases are 0.9, 0.5, −0.5 and −0.9 respectively. Here the negative value means the spin direction is anti-paralleled to the direction of the orbital angular momentum of the binary. And the parameters p φ0 for the initial data are 3.75295952324398, 3.86330280736881, 4.19862434393390 and 4.35790829850906 respectively. Different to the Fig. 4 of [38] , here we have fixed p 0 = 12 while varied p φ0 for corresponding χ. This setting makes us easier to check the effect of χ on the gravitational waveform.
The gravitational waveform description adopted in [38] [38] ). In order to make the comparison easier between the results in current paper and the ones in [38] , we also adopt h +,× to describe the gravitational waveform in this subsection. This is different to the spherical harmonic modes description used in previous subsections. Here we ignore the higher than 22 spherical harmonic modes and relate the h +,× to h 22 through
where we have used the relation h 2−2 = h * 22 with upper star denotes the complex conjugate [58] . Then h +,× are functions of direction angles. Following the Fig. 4 of [38] , we plot h +,× ( π 2 , 0) in Fig. 15 . Overall we can see that the consistence between the results of Teukolsky model and the ones of SEOBNRE model is good. When the comparison time becomes longer, the phase difference shows up. In Fig. 16 we compare the phase of h + − ih × corresponding to the cases shown in Fig. 15 .
As mentioned above, the four cases admit the same initial separation parameter p 0 = 12. Based on Newtonian gravity, the same mass ratio, the same initial separation and the same eccentric setting may reduce roughly the same orbital angular frequency. But we can see the larger χ ones admit a little bit faster frequency of gravitational waveform, while correspondingly the smaller orbital angular momentum p φ0 (3.75 < 3.86 < 4.20 < 4.36). We attribute this to the faster frame dragging effect of the big black hole. In order to stay at the same radius position, corotating objects need smaller orbital angular momentum, but the anti-rotating objects need larger orbital angular momentum. And the frame dragging effect makes the gravitational wave frequency bigger for corotating case while smaller for anti-rotating case.
The overlap factors between the two respective waveforms for the cases shown in Fig. 15 those differences are ignorable for the compared cases. Only when the 1 post-adiabatic results are available, our SEOBNRE model can be checked more quantitatively for extreme mass ratio systems.
IV. DISCUSSION AND CONCLUSION
EOBNR model has contributed much to the gravitational wave detection. But the existing EOBNR models are limited to quasi-circular (e = 0) systems. With no doubt, EOBNR model will continue to play an important role in the following LIGO observations. After about 20 years, space-based detectors will begin to work. It is interesting and important to ask whether the EOBNR model can still play an important role in the space-based gravitational wave detection. Among the gravitational wave sources for space-based detectors, binary systems are important. And many of such binary systems admit eccentric orbital motion [81] . Partial reason for this fact is that the decay rate of the eccentricity is proportional to the symmetric mass ratio. So although it may be not all of the issues limiting EOBNR model to work for space-based detectors, the eccentric orbit problem is an important point blocking EOBNR model to work for space-based detectors. So it is quite important to extend EOBNR model to describe eccentric binary systems. We proposed the first such extending model in the current paper-SEOBNRE model.
Our idea for constructing SEOBNRE model is combining the existing excellent property of EOBNR models for quasi-circular binary and the corrections coming from the eccentric orbit motion. The strategy is expanding involved quantities respect to eccentricity by assuming the smallness of the eccentricity. Then we calculate the correction terms coming from eccentricity through post-Newtonian approximation. Although the post-Newtonian order of the correction terms we got is only to second order, we expect that such kind of correction terms may work well. The reason is because when the eccentricity is large the separation of the binary is also large, then relative low order post-Newtonian approximation is necessary. Along with the decreasing of the separation of the binary, the eccentricity also decreases due to the circularizing effect of the gravitational radiation. Consequently the correction terms contribute weaker and weaker. In contrast, although the high PN order approximation is needed due to the decreasing of the separation, the existing excellent property of the EOBNR model can do the job.
Our SEOBNRE model includes Hamiltonian (Eq. (17)), waveform expression (Eqs. (52) and (68)) and the related energy flux (Eq. (60)). We have compared our SEOBNRE model against to quasi-circular EOBNR model for consistency check. For e = 0 the SEOBNRE model can recover the existing EOBNR models well. When the eccentricity e increases, the difference between the SEOBNRE model and quasi-circular EOBNR model grows. We have introduced an overlap factor as defined in (71) to quantify this difference. When e < 0.03 the difference is small. The corresponding overlap factor is larger than 0.99. When e > 0.1 the overlap factor becomes very low. As an example, the overlap factor for e = 0.3 becomes 0.47. This result added evidences to the literature [33] that quasi-circular template will break down when the eccentricity becomes larger than 0.1.
We have also compared SEOBNRE model against to another eccentric binary waveform model-ax model [34] . When e < 0.15 the overlap factor between the ax model and the SEOBNRE model is bigger than 0.9. This implies the consistence between the ax model and the SEOBNE model. As an example of e > 0.2 cases, the overlap factor for e = 0.3 between the ax model and the SEOBNRE model is as low as 0.67. This cautions us that more investigations are needed for waveform model about highly eccentric binary.
Numerical relativity (NR) simulation results can be looked as the standard answer for the eccentric binary. We have tested three numerical relativity simulation results. These three cases include spinless binary and spinning binary; equal mass binary and unequal mass binary. Compared to NR simulations with eccentricity 0.02, 0.02 and 0.19, the overlap factor for SEOBNRE model is 0.992, 0.997 and 0.982 respectively. In contrast, the overlap factor between NR waveform and e = 0 SEOBNRE waveform is 0.990, 0.989 and 0.849 respectively.
Motivated by the gravitational wave sources for spacebased detector, we have applied the SEOBNRE model to extreme mass ratio binaries. Specifically we considered binaries with mass ratio 1 to 1000. Since numerical relativity is not available yet for this kind of binaries, we compared the SEOBNRE model against to Teukolsky equation based model. Both spin aligned cases and antialigned cases are considered. All cases admit high eccentricity e = 0.3. If we only care about time lasting several thousands M the overlap factor between the SEOBNRE model and the Teukolsky equation based model is than 0.9. For total mass M = 10 6 solar mass binaries several thousands M corresponds to the time of hours. If we consider lasting time with tens of thousands M , the overlap factor drops below 0.7. Although the Teukolsky equation based model does not represent the standard answer as numerical relativity, this result also reminds us more work is needed when long duration time is involved.
In the current paper, simple overlap factor is considered to quantify the accuracy of the SEOBNRE model. For realistic gravitational wave detection, much more detail accuracy requirement [82] [83] [84] [85] [86] is needed. It is interesting to ask if our SEOBNRE model is ready or not for particular detection projects such like eLISA [24] , LISA [26] , Taiji [27] and Tianqin [28] . We leave such investigation as future works. On the other hand, there at least two possible clues to improve SEOBNRE model. The first one is calculating higher PN order terms for the eccentric correction. The second one is the trick adopted by Pan and his coworkers when they developed EOBNR model [7] . The trick is adding some tuning parameters into the SEOBNRE model and then require these parameters to fit the calibration waveform such as numerical relativity simulation results. Noting that we did not put in any tunable parameters in the eccentric correction terms, there are two strategies to apply the mentioned trick. The first one is adjusting the existing parameters introduced in the original EOBNR models. The second one is adding more parameters into the eccentric correction terms and adjusting them.
Regarding to the merger and ringdown parts waveform (68) , the possible improvement is taking the effect of the eccentricity on the mass and the spin of the final Kerr black hole into consideration. This point needs many more numerical relativity simulations to extend the relations (69) and (70) to include eccentricity. We leave these investigations to future study. 
where S * is the spin of the test particle deduced in the effective-one-body reduction. Following SEOBNRv1 we set d SO = −69.5, dh ef f SS = 2.75. Our setting exactly follows the SEOBNRv1 code [63]. In the above equations we have used notations
Sâ ≡ S * · a a ,p n ≡ √ g rr p n ,p n ≡ n · p (A13)
where the prime denotes the derivatives with respect to r. ( r, p) are the canonical variable within Boyer-Lindquist coordinate of the geodesic motion, while p is the momentum vector within tortoise coordinate. p and p are related through [87] 
Within spherical coordinate r = (r, θ, φ) and we set a along θ = 0 direction, so ξ = sin θ in (A10).
Appendix B: Detail expressions for the eccentric part of SEOBNRE waveform
In this appendix section we show the detail calculation for the eccentric part of SEOBNRE waveform. We begin with the notations introduced in Eq. (50) as following.
Based on Eqs. (35)- (49), direct calculation gives
P n Θ ij = (0, 0, − 
In the above equations, we have listed by the components order 11, 12, 13, 22, 23, and 33 within Cartesian coordinate. The position and velocity components mean r = (x 1 , x 2 , x 3 ), v p = (v 1 , v 2 , v 3 ). And more we have
